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Abstract
There have been many results for the system {a−m/2ψ(a−mx − nb)}m,n∈Z to be a frame for L2(R), where
ψ ∈L2(R), a > 1, and b > 0. In this paper we study some general conditions for the system ψj,k(x) =
s
−1/2
j ψ(s
−1
j x − bk), j, k ∈ Z, to be a frame, where sj > 0 and bk are real numbers. First, we give a necessary
condition which extremely extends the one obtained by Chui and Shi in 1993. Second, we point out that the
necessary condition is also sufficient when ψ is band-limited, moreover, we give sufficient conditions, which
exclusively depend on ψ , for {ψj,k} to be a frame for a large class of {sj } and {bk}.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction and results
A family {fλ}λ∈Λ of functions in L2(R) is called a frame with bounds A> 0 and B <∞, where Λ is
a countable set if
A‖f ‖2 
∑
λ∈Λ
∣∣〈f,fλ〉∣∣2 B‖f ‖2 for any f ∈ L2(R).
Given ψ ∈L2(R), a > 1, and b > 0, if the family
ψm,n(x)= a−m/2ψ
(
a−mx − nb), m,n ∈Z
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X. Yang, X. Zhou / Appl. Comput. Harmon. Anal. 16 (2004) 148–157 149is a frame, then f can be reconstructed from the sampling points {(am,nbam): m,n ∈ Z} of the
continuous wavelet transform
Wf (u, v)=
∞∫
−∞
f (x)|u|−1/2ψ
(
x − v
u
)
dx, u, v ∈R,
and there is a numerically stable reconstruction algorithm [1]. Thus frames play an important role in
reconstruction problems, and conditions in this aspect have been investigated by many people. For
example, as a necessary condition we have
Proposition 1 (Chui and Shi [2]). If {a−m/2ψ(a−mx − nb)}m,n∈Z is a frame with bounds A > 0 and
B <∞ for some ψ ∈ L2(R), a > 1, and b > 0, then
A 1
b
∑
m
∣∣ψˆ(amω)∣∣2 B, a.e.,
where
ψˆ(ω)=
∞∫
−∞
ψ(x)e−2πixω dx
is the Fourier transform of ψ(x).
In practice the sampling points may not be regular. So the following problem has been investigated:
Suppose a−m/2ψ(a−mx − nb), m,n ∈ Z, is a frame, {sm} and {bn} are perturbations of {am} and {nb},
respectively, in some sense. Describe the conditions on {sm} and {bn}, by which s−1/2m ψ(s−1m x − bn),
m,n ∈ Z, is still a frame. Olsen, Seip, Favier, Zalik, Sun, and Zhou are some contributors in this aspect
(see [3–5]).
As a general problem, consider
ψj,k(x)= s−1/2j ψ
(
s−1j x − bk
)
, j, k ∈Z,
where sj > 0 and bk are real numbers, which can be called an irregular wavelet frame. In this case ψ can
also be reconstructed by the sampling points {(sj , bksj ): j, k ∈ Z}. In this paper we study some general
conditions for the family {ψj,k} to be a frame for L2(R).
Definition 1. A sequence {bk}k∈Z of real numbers is called as an r-Fourier frame sequence for some
r > 0, if there are Ar > 0 and Br <∞ such that for any g ∈L2[−r, r]
Ar
r∫
−r
∣∣g(ξ)∣∣2 dξ ∑
k∈Z
∣∣∣∣∣
r∫
−r
g(ξ)e−2πibkξ dξ
∣∣∣∣∣
2
 Br
r∫
−r
∣∣g(ξ)∣∣2 dξ. (1)
Thus an r-Fourier frame sequence {bk} means that {e2πibkξ } is a Fourier frame for L2[−r, r].
The main result of this paper is the following:
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sj > 0, and {bk} is an r-Fourier frame sequence satisfying (1), then
A
Br

∑
j∈Z
∣∣ψˆ(sjw)∣∣2  B
Ar
, a.e. (2)
Remark 1. If bk = kb for some b > 0, then (1) is satisfied for r = 1/(2b), Ar = Br = 1/b, i.e., {kb} is a
1/(2b)-Fourier frame sequence. In this case, the inequalities (2) reduce to
A 1
b
∑
j∈Z
∣∣ψˆ(sjw)∣∣2  B, a.e.
On the other hand, as Jaffard [6] point out, {bk} is an r-Fourier frame sequence if and only if {bk} is
the disjoint union of a finite number of uniformly discrete sequences and a sequence having uniform
density r . Thus Fourier frame sequences are more flexible, and Theorem 1 is an important extension of
Proposition 1.
Second, we point out that the condition (2) is also sufficient for {ψj,k} to be a frame when ψ is band-
limited. This is the following:
Corollary 1. Suppose ψ ∈ BΩ ∩L(R) for some Ω > 0, where
BΩ =
{
f ∈ L2(R): fˆ (w)= 0 for any |w|>Ω}
and sj > 0. Then the following two assertions are equivalent:
(i) There is an r-Fourier frame sequence {bk} with r > 2Ω such that ψj,k(x) = s−1/2j ψ(s−1j x − bk),
j, k ∈Z, is a frame for L2(R);
(ii) a ∑j∈Z |ψˆ(sjw)|2  b, a.e., for some a > 0 and b <∞.
Furthermore, if (ii) is satisfied, then {ψj,k} is a frame for any r-Fourier frame sequence {bk} with r > 2Ω .
Remark 2. The assertion from (i) to (ii) is obvious by Theorem 1. A complete proof of the implication
(ii) to (i) can be found in [8]. There is an analogous result in [7, Theorem 8.27], where an additional
requirement supp ψˆ ⊂ [−Ω,−ε] ∪ [ε,Ω] is needed for some ε > 0.
Finally, as a second corollary, we give sufficient conditions, which exclusively depend on ψ , for {ψj,k}
to be a frame for a large class of {sj } and {bk}.
Corollary 2. Suppose ψ ∈ BΩ ∩L(R) for some Ω > 0. If |ψˆ(w)| A|w|α near w = 0 for some A > 0
and α > 0 and 0 is an isolated zero of ψˆ(w), then {s−1/2j ψ(s−1j x − bk)}j,k∈Z is a frame of L2(R) for any
sequence {sj }j∈Z of positive numbers satisfying
0< inf
j
sj
sj+1
 sup
j
sj
sj+1
< 1
and any r-Fourier frame sequence {bk}k∈Z with r > 2Ω .
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In order to prove Theorem 1, we first give the following:
Lemma 1. Suppose that ψ ∈ L2(R) and {sj }j∈Z is a sequence of positive numbers. Let
In =
(
2n−1/2,2n+1/2
]
, Dn = {j ∈Z: sj ∈ In}, n ∈Z.
If ψj,k(x) = s−1/2j ψ(s−1j x − bk), j, k ∈ Z, is a frame for L2(R) for some sequence {bk}k∈Z of real
numbers, then the following statements hold:
(i) There is an integer M such that |Dn| < M for any n ∈ Z, where |Dn| denotes the number of the
integers in Dn;
(ii) For any a  c, ac > 0, and b d , limp→+∞
∑
sj>p
∫ csj+d
asj+b |ψˆ(w)|2 dw = 0.
Proof. Without loss of generality, we assume that ‖ψ‖ = 1. It is easy to see that
ψˆj,k(w)= s1/2j ψˆ(sjw)e−2πisj bkw. (3)
Let
fh(x)= h−1/2ψ
(
h−1x − b0
)
, h > 0,
then
‖fh‖ = ‖fˆh‖ = ‖ψ‖ = 1 and fˆh(w)= h1/2ψˆ(hw)e−2πihb0w.
Let A > 0 and B <∞ be the bounds of the frame {ψj,k}. Then A ∑j,k |〈fh,ψj,k〉|2  B for any
h > 0. Thus, for any h > 0, we have
B 
∑
j,k
∣∣〈fh,ψj,k〉∣∣2 ∑
j
∣∣〈fh,ψj,0〉∣∣2 =∑
j
∣∣〈fˆh, ψˆj,0〉∣∣2
=
∑
j
sjh
∣∣∣∣∣
+∞∫
−∞
ψˆ(hw)e−2πihb0wψˆ(sjw)e2πisj b0w dw
∣∣∣∣∣
2
=
∑
j
sj
h
∣∣∣∣∣
+∞∫
−∞
ψˆ(w)ψˆ
(
sj
h
w
)
e−2πib0(1−sj /h)w dw
∣∣∣∣∣
2
=
∑
j
g
(
sj
h
)
, (4)
where
g(t)= t
∣∣∣∣∣
+∞∫
−∞
ψˆ(w)ψˆ(tw)e−2πib0(1−t )w dw
∣∣∣∣∣
2
.
Since g(t) is continuous for t > 0 and g(1)= ‖ψˆ‖4 = 1, there is an integer m∗ > 0 such that
g(t) >
1
for any t ∈ [2−1/(2m∗),21/(2m∗)]. (5)2
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with 1mn m∗ such that
|Kn| |Dn|
m∗
, (6)
where
Kn =
{
j ∈ Z: sj ∈
(
2n−1/2+(mn−1)/m∗,2n−1/2+mn/m∗
]}
.
Let hn = 2n−1/2+(mn−1/2)/m∗ . Then
sj
hn
∈ (2−1/(2m∗),21/(2m∗)] for any j ∈Kn. (7)
Therefore, for any n ∈Z, by (4)–(7), we have
B 
∑
j
g
(
sj
hn
)

∑
j∈Kn
g
(
sj
hn
)
 1
2
|Kn| |Dn|2m∗ ,
i.e., |Dn| 2m∗B , where m∗ is independent of n. Thus the conclusion (i) has been proved.
In order to show the conclusion (ii), we only consider the case in which 0< a  c. Then there are two
integers na and nc satisfying
2na  a < 2na+1, 2nc  c < 2nc+1.
Let
Jj = [asj + b, csj + d], j ∈Z.
Take p0 > 0 such that
max
{ |b|
p0
,
|d|
p0
}
<
a
2
. (8)
If Jj ∩ In = ∅ for some j, n ∈ Z with sj  p0, there must be some λ and µ with a  λ  c and
b µ d such that
2n−1/2 <λsj +µ 2n+1/2. (9)
Since sj  p0, by (8) and (9), it follows that
sj2na−1 
sja
2
 λsj +µ= sj
(
λ+ µ
sj
)
 2csj  sj2nc+2
and 2n−nc−2−1/2 < sj  2n−na+1+1/2, i.e.,
sj ∈
n−na+1⋃
i=n−nc−2
Ii.
Thus by the conclusion (i) we have the following:
For any n ∈ Z, the number of the integers j satisfying sj  p0 and Jj ∩ In = ∅
is less than (nc − na + 4)M, where M is described in (i) of Lemma 1. (10)
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2np−1/2  ap+ b < 2np+1/2.
Then it follows from (10) that
lim
p→+∞
∑
sj>p
csj+d∫
asj+b
∣∣ψˆ(w)∣∣2 dw = lim
p→+∞
∑
sj>p
∞∑
n=np
∫
Jj∩In
∣∣ψˆ(w)∣∣2 dw
= lim
p→+∞
∞∑
n=np
∑
sj>p
∫
Jj∩In
∣∣ψˆ(w)∣∣2 dw
 lim
p→+∞
∞∑
n=np
(nc − na + 4)M
∫
In
∣∣ψˆ(w)∣∣2 dw
= (nc − na + 4)M lim
p→+∞
∞∫
2np−1/2
∣∣ψˆ(w)∣∣2 dw
= 0.
The conclusion (ii) is proved. ✷
Proof of Theorem 1. By the hypotheses of Theorem 1, suppose that {bk} satisfies (1) and there are A> 0
and B <∞ such that for any f ∈ L2(R)
A‖f ‖2 
∑
j,k
∣∣〈f,ψj,k〉∣∣2 B‖f ‖2. (11)
For any w and ε > 0, let fˆε(ξ )= (1/
√
2ε)χ[w−ε,w+ε](ξ). From (3) we have
∑
j,k
∣∣〈fε,ψj,k〉∣∣2 = ∑
j,k
sj
∣∣∣∣∣
+∞∫
−∞
fˆε(ξ )ψˆ(sj ξ)e
2πisj bkξ dξ
∣∣∣∣∣
2
=
∑
j,k
1
sj
∣∣∣∣∣
+∞∫
−∞
fˆε
(
ξ
sj
)
ψˆ(ξ)e2πibkξ dξ
∣∣∣∣∣
2
=
∑
j,k
1
sj
∣∣∣∣∣
r∫
−r
∑
l∈Z
fˆε
(
ξ + 2lr
sj
)
ψˆ(ξ + 2lr)e2πibk(ξ+2lr) dξ
∣∣∣∣∣
2
=
∑
j,k
1
sj
∣∣∣∣∣
sjw+r∫
sjw−r
∑
l∈Z
fˆε
(
ξ + 2lr
sj
)
ψˆ(ξ + 2lr)e2πibk(ξ+2lr) dξ
∣∣∣∣∣
2
=
∑
sjM
∑
k∈Z
+
∑
sj>M
∑
k∈Z
:=∆Mε (w)+ΛMε (w).
Since ‖fε‖ = ‖fˆε‖ = 1, by (11), for any w, any ε > 0, and any M ∈Z with M > 0, we have
A∆Mε (w)+ΛMε (w)B. (12)
154 X. Yang, X. Zhou / Appl. Comput. Harmon. Anal. 16 (2004) 148–157Now we can show the following:
For any w and any M ∈Z with M > 0, when 0 < ε < r/M
Ar
2ε
w+ε∫
w−ε
∑
sjM
∣∣ψˆ(sj ξ)∣∣2 dξ ∆Mε (w) Br2ε
w+ε∫
w−ε
∑
sjM
∣∣ψˆ(sj ξ)∣∣2 dξ. (13)
In fact, it is easy to see that when sj M and l = 0, the intervals [w+ (2l − 1)r/sj ,w+ (2l + 1)r/sj ]
and [w− ε,w+ ε] are disjoint. Thus
∆Mε (w)=
∑
sjM
1
sj
∑
k∈Z
∣∣∣∣∣
sjw+r∫
sjw−r
fˆε
(
ξ
sj
)
ψˆ(ξ)e2πibkξ dξ
∣∣∣∣∣
2
=
∑
sjM
1
sj
∑
k∈Z
∣∣∣∣∣
r∫
−r
fˆε
(
ξ + sjw
sj
)
ψˆ(ξ + sjw)e2πibkξ dξ
∣∣∣∣∣
2
.
Let g(ξ)= fˆε
( ξ+sjw
sj
)
ψˆ(ξ + sjw). By (1), we have
∑
sjM
Ar
sj
r∫
−r
∣∣∣∣fˆε
(
ξ + sjw
sj
)
ψˆ(ξ + sjw)
∣∣∣∣
2
dξ ∆Mε (w)

∑
sjM
Br
sj
r∫
−r
∣∣∣∣fˆε
(
ξ + sjw
sj
)
ψˆ(ξ + sjw)
∣∣∣∣
2
dξ.
But
∑
sjM
1
sj
r∫
−r
∣∣∣∣fˆε
(
ξ + sjw
sj
)
ψˆ(ξ + sjw)
∣∣∣∣
2
dξ =
∑
sjM
w+r/sj∫
w−r/sj
∣∣fˆε(ξ )ψˆ(sj ξ)∣∣2 dξ
=
∑
sjM
1
2ε
w+ε∫
w−ε
∣∣ψˆ(sj ξ)∣∣2 dξ = 12ε
w+ε∫
w−ε
∑
sjM
∣∣ψˆ(sj ξ)∣∣2 dξ.
So the conclusion (13) follows.
By (12) and (13), for each M > 0, M ∈ Z, the function ΦM(ξ) = ∑sjM |ψˆ(sj ξ)|2 is locally
integrable on R. Hence there is a null set EM such that the points in R − EM are Lebesgue’s points
of ΦM . Let E =⋃∞M=1 EM , then E is a null set and the points of R − E are Lebesgue’s points of ΦM
for any M . Thus for each w ∈ R − E and each M  1, let ε → 0 in (13), it follows from (12) that
Ar
∑
sjM |ψˆ(sjw)|2 B . Again let M→∞, we have∑
j∈Z
∣∣ψˆ(sjw)∣∣2  B
Ar
, a.e.
Second, we show the following:
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r
2M
. (14)
We will show (14) only for w > 0. In this case it is easy to see that when |l|> (sjε)/(2r)+ 1/2, the
intervals [w+ (2l − 1)r/sj ,w+ (2l + 1)r/sj ] and [w− ε,w+ ε] are disjoint. So
ΛMε (w)
∑
sj>M
∑
k∈Z
1
sj
∣∣∣∣∣
sjw+r∫
sjw−r
∑
|l|(sj ε)/(2r)+1/2
fˆε
(
ξ + 2lr
sj
)
ψˆ(ξ + 2lr)e2πibk(ξ+2lr) dξ
∣∣∣∣∣
2
=
∑
sj>M
∑
k∈Z
1
sj
∣∣∣∣∣
∑
|l|(sj ε)/(2r)+1/2
e−4πibklr
sjw+r∫
sjw−r
fˆε
(
ξ + 2lr
sj
)
ψˆ(ξ + 2lr)e2πibkξ dξ
∣∣∣∣∣
2

∑
sj>M
∑
k∈Z
1
sj
(
sj ε
r
+ 2
) ∑
|l|(sj ε)/(2r)+1/2
∣∣∣∣∣
sjw+r∫
sjw−r
fˆε
(
ξ + 2lr
sj
)
ψˆ(ξ + 2lr)e2πibkξ dξ
∣∣∣∣∣
2
=
∑
sj>M
1
sj
(
sj ε
r
+ 2
) ∑
|l|(sj ε)/(2r)+1/2
∑
k∈Z
∣∣∣∣∣
r∫
−r
fˆε
(
ξ + sjw+ 2lr
sj
)
× ψˆ(ξ + sjw+ 2lr)e2πibkξ dξ
∣∣∣∣∣
2

∑
sj>M
Br
2sj ε
(
sj ε
r
+ 2
) ∑
|l|(sj ε)/(2r)+1/2
r∫
−r
∣∣ψˆ(ξ + sjw+ 2lr)∣∣2 dξ
 3Br
r
∑
sj>M
sj (w+ε)+2r∫
sj (w−ε)−2r
∣∣ψˆ(ξ)∣∣2 dξ
 3Br
r
∑
sj>M
3sjw/2+2r∫
sjw/2−2r
∣∣ψˆ(ξ)∣∣2 dξ.
By Lemma 1, the conclusion (14) follows.
Thus for any w = 0 and 0< η <A, when M is large enough, we have from (12)–(14) that
A− η∆Mε (w)
Br
2ε
w+ε∫
w−ε
∑
sjM
∣∣ψˆ(sj ξ)∣∣2 dξ  Br2ε
w+ε∫
w−ε
∑
j∈Z
∣∣ψˆ(sj ξ)∣∣2 dξ,
where ε = r/(2M). Let M →∞, we have A− η Br∑j∈Z |ψˆ(sjw)|2. Since η is arbitrary, we obtain
A
Br

∑
j∈Z
∣∣ψˆ(sjw)∣∣2, a.e.
This completes the proof of the theorem. ✷
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and
ψˆ(w) = 0 for any 0< |w| δ. (16)
On the other hand, since ψ ∈ BΩ ∩L(R), there is M > 0 such that
|w|∣∣ψˆ(w)∣∣M for any w ∈R. (17)
Let {sj }j∈Z be a sequence satisfying
λ sj
sj+1
 µ
for some 0< λµ< 1. Then {sj }j∈Z is increasing, limj→−∞ sj = 0 and limj→∞ sj =∞.
For any w = 0, there is j0 ∈Z such that
1
sj0+1
 |w|< 1
sj0
and there is jw ∈Z such that
sjw
sj0+1
 sjw |w|<
sjw
sj0
 δ < sjw+1
sj0
.
But
sjw
sj0+1
= sjw
sjw+1
sjw+1
sj0
sj0
sj0+1
 δλ2,
so that δλ2  sjw |w| δ and, since ψˆ is continuous, by (16), we have∑
j∈Z
∣∣ψˆ(sjw)∣∣2  ∣∣ψˆ(sjww)∣∣2  min
δλ2|y|δ
∣∣ψˆ(y)∣∣2 = a > 0,
where a is independent of w.
On the other hand, there is j1 ∈Z such that
sj1 |w| δ < sj1+1|w|.
By (15) and (17), we have
∑
j∈Z
∣∣ψˆ(sjw)∣∣2 =∑
jj1
∣∣ψˆ(sjw)∣∣2 +∑
j>j1
∣∣ψˆ(sjw)∣∣2 A2 ∑
jj1
(sjw)
2α +M2
∑
j>j1
1
(sjw)2
=A2
∑
jj1
(
sj
sj1
)2α
(sj1w)
2α +M2
∑
j>j1
(
sj1+1
sj
)2 1
(sj1+1w)2
A2δ2α
∑
jj1
(
sj
sj1
)2α
+ M
2
δ2
∑
j>j1
(
sj1+1
sj
)2
A2δ2α
∞∑
j=0
(
µj
)2α + M2
δ2
∞∑
j=0
(
µj
)2
= A
2δ2α
2α +
M2
2 2
= b <∞,1−µ δ (1−µ )
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a 
∑
j∈Z
∣∣ψˆ(sjw)∣∣2  b, a.e.
Thus the result of Corollary 2 follows from Corollary 1. ✷
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